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A bifurcation criterion for the transition from straight to oscillatory quasistatic crack propagation in an
isotropic material is derived from the requirement of pure mode I stress fields at the crack tip �KII=0� on the
entire crack path, henceforth called global bifurcation criterion. For a small-amplitude sine-shaped crack path
which is observed in experiments at the transition, it is shown to be sufficient to postulate KII=0 only for two
phases of the crack path instead, which simplifies calculations. By using the measured temperature fields to
solve the thermoelastic problem of dipping a hot thin glass slab into cold water, critical wavelengths of the
oscillating crack growth obtained with the derived global bifurcation criterion agree remarkably well with
those observed in experiments by Ronsin and Perrin. It is also shown that local bifurcation criteria, which do
not take into account KII=0 on the entire crack path, lead to incorrect results for the oscillatory crack path
instability.
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I. INTRODUCTION

Quasistatic oscillatory crack propagation is a prime ex-
ample for crack path instability which has been intensively
investigated in the last decade. In an interesting simple ex-
periment, Yuse and Sano �1� produced reproducible con-
trolled quasistatic crack propagation due to thermal stresses
by dipping a hot thin soda-lime glass slab with constant ve-
locity v into cold water �Fig. 1�.

The temperature gradient induces a stress field in the vi-
cinity of the cooling front which drives the crack to propa-
gate. Depending on the parameters velocity v and tempera-
ture difference �T between the oven and the bath, and by
keeping constant the slab width L, they observed different
crack morphology: no crack propagation, straight crack, os-
cillatory single, and branched crack. Since then, the experi-
ment was repeatedly modified by Ronsin et al. �2�, Ronsin
and Perrin �3,4�, Yuse and Sano �5�, and Ferney et al. �6�.

The attention in many experimental and analytical works
is paid to the conditions for the transition from one crack
morphology to another. In this paper we solely focus on the
transition from straight to oscillatory crack propagation as an
important, particular directional instability phenomenon of
the crack path.

If the control parameters v, �T, and L are small, the
straight crack on the specimen center is the stable solution.
By increasing these parameters, the oscillatory crack propa-
gation is a result of two competing effects. A crack on the
specimen center tends to break out of the symmetrical line
because the straight crack is the unstable solution. After
breaking out, the interaction with the free boundaries of the
specimen drives the crack back. These procedures recur; and
the crack oscillates around the center line. Depending on the
above parameters this oscillation can decay or build up.

The onset of the oscillatory crack propagation called os-
cillatory crack path instability or oscillatory instability can

be defined as the transition from decaying to growing ampli-
tude of the disturbed crack path. The determination of this
morphological phase boundary between straight and undulat-
ing crack paths was the goal of many investigations in the
literature.

First attempts were made by Furukawa �7� and Hayakawa
�8� by using a deterministic spring network model. Numer-
ous following theoretical and numerical analyses in the
framework of continuum theory used a local bifurcation cri-
terion by consideration of only one crack tip position:
Marder �9�, Adda-Bedia and Pomeau �10�, Ferney et al. �6�,
Yang and Ravi-Chandar �11�, and recently Bouchbinder et al.
�12�. Sumi et al. �13,14� tried to extend the examined crack
path to an “intermediate” range. However, for the crack path
prediction the near-tip stress fields were used, which restricts
the validity range of the solution.

Other works considered the entire crack path in all phases
henceforth called global analysis. Sasa et al. �15� examined
the long time behavior of the crack tip position. But they
applied an “infinite plate approximation” for the calculation
of the stress intensity factors. Global consideration of the
crack path was done by Bahr et al. �16,17� using simulation
with finite element method �FEM� and in Refs. �18–20� us-
ing a global bifurcation analysis, see Eq. �8�.

In spite of many investigations, the phenomenon of oscil-
latory instability is not understood completely, as will be
summarized in the following. Marder �9� calculated the frac-
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FIG. 1. Experiment by Yuse and Sano �1�.
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ture energy of soda-lime glass at the transition from straight
to oscillatory crack propagation predicted by the T criterion
of Cotterell and Rice �21�. The plane stress fields near the
crack tip in the polar coordinate system �r ,�� with �=0 be-
ing the tangent direction and the origin at the crack tip take
the general form

�ij =
1

�2�r
�KIf ij

�I���� + KIIf ij
�II����� . �1�

KI ,KII are the modes I and II stress intensity factors �SIFs�,
respectively, and f ij

�I���� , f ij
�II���� the universal angular func-

tions common to all loadings and geometries. The so-called
T stress, the next, nonsingular term of the Williams expan-
sion �22� representing the uniform stress acting parallel to
the crack at its tip, was determined by Marder for the straight
crack as a function of the position of the crack tip a relative
to the cold front �see Fig. 1�. The cold front means the water
surface of the bath. The T criterion implies that the crack
becomes directionally unstable when the crack tip passes the
location where the T stress changes from negative to posi-
tive. Applying the T criterion for the onset of the oscillatory
crack instability in the experiments of Yuse and Sano �1�,
Marder �9� found a strong velocity dependence of the frac-
ture energy of glass. This, however, is not justified physically
in the low range of crack speeds in the experiments.

Adda-Bedia and Ben Amar �23� also concluded the appli-
cability of the T criterion for the change from straight to
wavy crack propagation. Sasa et al. �15�, Ronsin et al. �2�,
and Yang and Ravi-Chandar �11� noticed that the T criterion
does not work for the prediction of the oscillatory instability.
As commonly assumed in the literature, this is thought to be
brought about by finite geometry, which is an unsatisfactory
explanation. Furthermore, the definition of a divergence
point as the bifurcation point as introduced in Ref. �11� is not
adequate.

Recently we investigated curved crack paths with atten-
tion to the two limiting situations: the initial crack path after
a disturbance to verify the Cotterell and Rice solution, and
the asymptotic one to study the global directional stability of
crack paths in general �24�. The smooth cracks in isotropic
material are assumed to obey the local symmetry every-
where. That means that the mode II stress singularity factor
vanishes along the entire smooth crack path:

KII = 0. �2�

If KII�0 at the crack tip, the crack would abruptly change its
direction; the crack path would exhibit a kink at this position,
and hence it would not be smooth �21�. By driving a curved
crack straightly in the tangent direction at the crack tip the
local symmetry �2� will be broken �KII�0�. The change of
KII�s� along a straight extension s in the tangent direction
determines the curvature C of the crack path according to
Amestoy and Leblond �see Eq. �104� in Ref. �25��

C = −
2

KI
�dKII�s�

ds
�

straight
. �3�

Our procedure for the simulation of curved crack propaga-
tion used in �24� corresponds to Eq. �3�.

The principle of local symmetry for plane curvilinear
cracks was first formulated by Barenblatt and Cherepanov
�26,27�, as well as by Erdogan and Sih �28�, and generalized
for three-dimensional cracks by Gol’dstein and Salganik
�29�. For isotropic material and brittle fracture �small scale
yielding�, it is consistent with the criterion of maximum en-
ergy release rate and other known criteria �21�. To our
knowledge, it is the most widely accepted criterion
�9,15,21,30–32� and confirmed by experiments �33�. Note
that this principle does not hold generally for crack propaga-
tion in anisotropic material.

The crack propagation starts and continues as long as the
condition

KI = KIc �4�

is met. Here KIc is the critical stress intensity factor or the
fracture toughness. Our analyses �24� showed that the Cot-
terell and Rice solution is universal for all loading and geo-
metrical situations if only the initial crack growth is of inter-
est. That means that the Cotterell and Rice solution and the T
criterion are valid for an amount of crack growth after a
disturbance, which is small in comparison with a character-
istic length, e.g., the crack length. From the initial behavior
of the crack after the disturbance, however, it cannot be con-
cluded whether the crack path oscillation is increasing or
decreasing. Therefore, the transition from straight to oscillat-
ing crack �the onset of global directional crack path instabil-
ity� cannot be determined with the T criterion. Indeed, any
local criterion based on a local consideration of the crack
path cannot correctly provide the transition from straight to
oscillatory crack propagation.

Also the “intermediate” range of stability by Sumi �14� is
not sufficient for this problem because of the small validity
range of the crack path solution by using the near-tip stress
fields. The criterion postulated by Adda-Bedia and Pomeau
�10� �in the following abbreviated as AP criterion� is a local
one, too. They considered only one phase of the sine con-
figuration �see in Eq. �6�, �=0�:

KII = 0,
�KII

��
= 0. �5�

The postulation of the extremum of KII by variation of � is
explained in Ref. �10� with the first instant of fulfilling the
condition KII=0 for this crack tip position with increasing
load parameters. This specific crack tip position is chosen
rather arbitrarily. Yang and Ravi-Chandar �11� also noticed
that the dependence of the results on the phase angle was not
considered.

Nevertheless, by applying a criterion that is identical to
this local criterion of Adda-Bedia and Pomeau, Bouchbinder
et al. �12� have lately found a good quantitative agreement
with the experiments of Ronsin and Perrin �4�. However, the
temperature distribution they used for their analysis is not the
realistic temperature field, as usual in other works in the
literature, even though Ronsin et al. �2� found out that the
temperature profile essentially affects the results of the
analysis.

PHAM et al. PHYSICAL REVIEW E 77, 066114 �2008�

066114-2



The aim of this paper is to present a global bifurcation
criterion for calculation of the conditions for this oscillating
instability, which takes into account KII=0 on the entire
crack path. We will also show that the local bifurcation cri-
terion of Adda-Bedia and Pomeau �10�, which does not take
into account Eq. �2� on the entire crack path, can lead to
incorrect results if the measured temperature distributions are
used. In our analysis we use quasistatic fields because the
speed of the crack tip in the experiments �Yuse and Sano �1�,
Ronsin and Perrin �4�� is very low in comparison to the
speed of sound in the material.

II. DERIVATION OF A GLOBAL BIFURCATION
CRITERION FOR THE ONSET

OF OSCILLATORY INSTABILITY

As discussed above, a local consideration or a consider-
ation over a small range of the crack path is not sufficient to
predict the onset of the oscillatory instability. The whole
crack path must be considered.

An appropriate method is the simulation of crack propa-
gation. Numerical simulation methods have been applied
first by Bahr et al. �16–18� with a straight crack increment
and later by Yang and Ravi-Chandar �11� with a curved crack
increment. Starting from a primary straight crack with a
slight disturbance and using the crack propagation criteria
�2� and �4�, an undulating crack with growing or decaying
amplitude has been obtained depending on the load param-
eters. A crack path with decaying amplitude implies that the
straight crack is stable. The transition between decrease and
increase of the amplitude indicates the transition from
straight to oscillating crack propagation. In addition to the
critical load parameters, the analysis also provides the pa-
rameters of the wavy crack such as the wavelength � and the
distance of the crack tip a from the cold front. The disadvan-
tage of the simulation methods is more computing time.

In this paper, we apply another method for the global
analysis, the ansatz method, to derive a global bifurcation
criterion for the onset of the oscillating instability. The global
bifurcation criterion takes into account KII=0 �2� on the en-
tire crack path. The ansatz method was developed by Ger-
batsch �18� and further developed by Mühle �19�. An ansatz
is a form function for the solution of the problem containing
one or more parameters which are to be determined. In Refs.
�18� and �19� simplified temperature fields at high velocities
�see Eq. �14�� were used. In the following the criterion is
applied for more general temperature distributions, also for
low velocities.

The straight crack path on the symmetry line is always a
solution for the symmetric geometry and loading in our prob-
lem. We look for another solution in addition to the straight
one, and for the conditions of its existence. Of course, the
other solution, too, has to fulfill the crack propagation crite-
ria �2� and �4� at every crack tip position.

The coordinate system moves relatively to the slab such
that the cold front is always at x=0 and the symmetry line of
the slab is at y=0 �see Fig. 1�. Assuming small amplitude A
and stationary crack tip position at x=a which is allowable
just beyond the onset of the oscillation we make a sinusoidal

ansatz for the crack contour which was observed by Yuse and
Sano �1� and Ronsin et al. �2�:

y�x� = A sin�2�

�
�x − a� + �� . �6�

The crack contour is defined by the amplitude A, the wave-
length �, and the distance between the crack tip and the cold
front a, which are to be determined to fulfill �2� and �4� at
every phase �.

A general temperature distribution would be given with
�T and some characteristic lengths li, i=1,2 , . . ., e.g., the
thermal diffusion length l1=D /v �with D being the thermal
diffusivity� and the gap l2=h �see Fig. 1 and Eq. �15��. Fur-
ther characteristic lengths are the transition length bath/gap
and gap/oven which are experimentally observed by Ronsin
et al. �2,4�. Note that these transition lengths depend on the
velocity v and �T.

For dimensional reasons, the SIFs can be written as

KI = E	�T�LkI, KII = E	�T�LkII

with E and 	 being Young’s modulus and thermal expansion
coefficient, respectively. Equation �2� reads

kII = kII�A

L
,�,

�

L
,
a

L
,
li

L
	 = 0 for ∀ � .

All quantities depending on the crack contour, e.g., KII, are
periodic functions of � and can be expanded into Fourier
series. In addition, KII can be expanded in a Taylor series
about the vicinity of A /L=0. Considering KII�A�=−KII�−A�
and due to small amplitude A for the transition from straight
�A=0� to oscillating crack propagation �A�0�, we obtain

kII�A

L
,�,

�

L
,
a

L
,
li

L
	 = kII�A

L
sin�,

A

L
cos�,

�

L
,
a

L
,
li

L
	

= 	1��

L
,
a

L
,
li

L
	A

L
sin�

+ 
1��

L
,
a

L
,
li

L
	A

L
cos� = 0 for ∀ � .

�7�

Because Eq. �7� holds for every phase �, the factors 	1 and

1 must vanish �18�:

	1��osc

L
,
aosc

L
,
li

L
	 = kII�� =

�

2
	L

A
= 0,


1��osc

L
,
aosc

L
,
li

L
	 = kII�� = 0�

L

A
= 0 �8�

with the critical values �=�osc and a=aosc. In this way, it has
been shown for a small-amplitude sine-shaped crack path
that the condition KII=0 is fulfilled at every phase � if this
condition is satisfied at two phases, e.g., �=0 �sine-phase�
and �=� /2 �cosine-phase�.

Our global bifurcation criterion, which takes into account
KII=0 �2� on the entire crack path, says that the transition
from straight to oscillatory crack propagation is governed by
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Eq. �8�. Of course, the condition �4� must also be fulfilled for
the growing crack. The mode I stress intensity factor can also
be expanded in a Taylor series in the vicinity of A /L=0.
With taking into account the symmetry condition KI�A�
=KI�−A� one can write

KI�A

L
,
a

L
, . . .	 = KI�A

L
= 0,

a

L
, . . .	 + O�A2

L2	 .

That means that KI for the oscillating crack of small ampli-
tude is identical to KI for the straight crack. Then Eq. �4�
takes the form

KI = E	�T�LkI�aosc

L
,
li

L
	 = KIc. �9�

The above derivation has shown that the oscillatory crack
path at the transition determined by Eqs. �8� and �9� also
fulfills Eqs. �2� and �4� in every crack tip position.

Equations �8� and �9� are three coupled equations for
three critical parameters at the transition from straight to
wavy crack propagation. Two of them are the critical length
aosc and the critical wavelength �osc.

In addition, if KIc is known, one of the critical parameters
�Tosc, Losc, l1osc, or l2osc can be calculated from Eq. �9�, pro-
vided that all the others are fixed and known. Note that the
change of temperature profile with the velocity v has to be
taken into consideration. Otherwise, KIc can be determined,
if Losc is measured for a given temperature field as done by
Ronsin and Perrin �4�. The amplitude A remains, as in all
linear bifurcation analyses, undetermined. To determine the
onset of the oscillatory instability the analyses A /L→0 �at
fixed L� must be done in the numerical realization �see Sec.
V�.

III. THE THERMOELASTIC PROBLEM

The mechanical equilibrium equations take the quasistatic
form

�ij,i = 0 �10�

by using the Einstein sum convention with i , j=x ,y. The
comma followed by index j denotes the partial derivative
with respect to the coordinate j. The constitutive equations
for thermoelastic isotropic materials are

�ij =
E

1 + �
��ij +

�

1 − 2�
�kkij	 −

E

1 − 2�
	�T − TR�ij .

�11�

E ,�, and 	 are Young’s modulus, Poisson number, and ther-
mal expansion coefficient, respectively. T is the temperature
and TR the reference temperature. In this case TR can be
arbitrarily chosen due to traction free boundaries �see Eq.
�13��. The infinitesimal strain �ij is defined by

�ij =
1

2
�ui,j + uj,i� , �12�

where ui is displacement in direction i. The boundaries of the
slab as well as the crack faces are traction free

�ijnj = 0, �13�

with nj being an outward unit vector normal to the bound-
aries or crack faces.

The interaction between mechanical and thermal fields is
negligible because of small deformation and quasistatical
crack propagation. At the onset of oscillation A /L→0 the
crack does not influence the temperature field �18�.

IV. THE TEMPERATURE FIELD

First we want to have a closer look at the temperature
distribution because of its crucial importance for the thermo-
mechanical problem. The second derivatives of the tempera-
ture distribution are responsible for the induced stress field.
In literature a stationary temperature field is commonly as-
sumed which follows from the differential equation for the
stationary heat conduction with idealized boundary condi-
tions.

Most works �6,9,10,15–19,23� used a theoretical tempera-
ture field determined only by the thermal diffusion length
l1=D /v and without consideration of the gap length h. In the
moving coordinate system �see Fig. 1� that reads

T�x,v� = TB + �T�1 − e−x/l1���x� , �14�

where � is the Heaviside function and TB is the temperature
of the bath. The temperature function �14� is the solution of
the idealized, one-dimensional stationary heat equation

T,xx + T,x/l1 = 0

with the boundary conditions

T�x = 0� = TB and T�x → �� = TB + �T .

This temperature profile is intended for the theoretical limit-
ing case of infinite gap h and for very high velocities.

In order to extend the range of comparison between
theory and experiment to low velocities, Ronsin et al. �2�
suggested a more realistic temperature profile

T�x,v� = TB + �T� 1 − e−x/l1

1 − e−h/l1
��x���h − x� + ��x − h��

�15�

which fulfills the boundary conditions T�x=0�=TB and
T�x=h�=TB+�T. This temperature field is controlled by the
gap length h for low velocities and by the thermal diffusion
length l1=D /v for high velocities.

Two important simplifications are made in the above the-
oretical temperature fields �14� and �15�. The temperature of
the bath is reached in the slab immediately at the boundary
with the gap. In addition, the heat exchange with the air
surroundings is not considered, which is essential in the
range of real velocities as in the experiments.

Already in 1995, Ronsin et al. �2� discussed the tempera-
ture distribution in detail and called into question the validity
of the idealized temperature profile. They found out that the
temperatures of the bath and the oven are not reached exactly
at the cold front and at the hot front, respectively, as assumed
in the theoretical temperatures �14� and �15�. The real tem-
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perature profile, differing from the theoretical ones, shows
two smooth changes with characteristic lengths of 1 mm to 2
mm �compare Fig. 2�. The theoretical temperature profiles
overestimate the second derivatives and consequently yield
essentially higher fracture energy. Therefore, they recom-
mended to use the real experimental thermal profile.

Nevertheless the theoretical temperatures �14� and �15�
were further used in the literature and even more or less good
agreement with experimental results was reported. In Fig. 2
we do now compare the temperature distributions as mea-

sured by Ronsin and Perrin �4� with the theoretical ones
�14� and �15� for the velocities v=0.05 mm s−1 �a�, v
=0.3 mm s−1 �b�, and v=0.5 mm s−1 �c�. It is evident that
the theoretical curves do not match the measured curves at
all, not only near the cold front and heat front as noticed by
Ronsin and Perrin �2� but moreover also within the gap. Sig-
nificant differences can be seen not only at low velocities v
=0.05 mm s−1 but also at higher velocity v=0.5 mm s−1.

As mentioned in the Introduction, by using the local cri-
terion for the oscillating instability �5� and the theoretical
temperature function �15� Bouchbinder et al. �12� recently
obtained a rather good agreement with the experiments in
Ref. �2�. In view of the “wrong” temperatures used in their
calculation it is to be expected that this local criterion fails
with “correct” temperature distributions, which will also be
shown in the following. In our analyses we do not use the
theoretical temperatures �14� and �15� but the measured ones.

V. NUMERICAL RESULTS AND COMPARISON
WITH EXPERIMENTS

Equations �8� and �9� can be solved numerically by varia-
tion of the crack path parameters � /L and a /L. In order to
calculate the critical width Losc for oscillating instability, the
fracture toughness KIc is needed. Unfortunately, KIc and the
fracture energy �=KIc

2 /E of soda-lime glass are uncertain
parameters �12�. In general, they vary with the temperature,
the velocity, and particularly with the humidity �4,34,35�.
Nevertheless, Bouchbinder et al. �12� used a constant value
�=3.75 J m−2 chosen to best fit the experimental data at the
onset of the straight crack propagation. Note that this high
value for the fracture energy was calculated with the theoret-
ical temperatures �15� and is accordingly not adequate as
discussed above.

As will be discussed below we do not use Eq. �9� and a
value for KIc but we take the critical width L=Losc obtained
experimentally by Ronsin and Perrin �Fig. 15 in Ref. �4�� at
�T=135 K for a velocity v at which they also measured the
temperature field �see Fig. 2�. That means that all experimen-
tal conditions are completely taken into account in our cal-
culation model. This allows aosc and �osc to be determined
from Eq. �8� and KIc from Eq. �9�.

In the following we will examine the cases with v be-
tween 0.05 mms−1 and 0.5 mms−1 extracted from Fig. 15 in
Ref. �4�, which are listed in Table I. Because Ronsin and
Perrin measured temperature fields for only three velocities
v=0.05, 0.3, and 0.5 mm s−1, we determine the temperature
fields for other velocities within this range by quadratic in-
terpolation in v. In Table I, “m” and “i” stand for measured
temperatures and interpolated ones, respectively.

We used the finite element �FE� code ANSYS �36� for the
fracture mechanics analyses. Isoparametric quadratic plane
stress elements were employed with collapsed quarter-point
singular elements right around the crack tip to generate the
square-root stress singularity. The stress intensity factors
were calculated from the stresses �1� or from the displace-
ments in the vicinity of the crack tip according to linear
elastic fracture mechanics. The following material param-
eters were used for soda-lime glass: thermal diffusivity D

measured temperatures
theoretical temperatures Eq.(14)
theoretical temperatures Eq.(15)

FIG. 2. Comparison of theoretical and experimental temperature
distributions revealing large differences. v is slab velocity. Experi-
mental curves are measured by Ronsin and Perrin �Fig. 2 in Ref.
�4�, after correction of an obvious mix-up concerning the curves a
and c�.
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=0.5 mm2 s−1, Young’s modulus E=72 GPa, and thermal
expansion coefficient 	=0.77�10−5 K−1 �2�. Preliminary
studies showed that the influence of A /L on the solution can
be neglected for sufficiently small A /L�1 /200. Therefore,
the determination of limiting values for A /L→0 at the tran-
sition between straight and oscillatory crack paths is not nec-
essary.

First we consider the idealized case v→� �i.e., the nor-
malized diffusion length D / �vL�→0� where there is a step in
the temperature field at the cold front x=0. The only charac-
teristic length is the width L. Also in this unrealistic case the
ratios aosc /L and �osc /L can be calculated from Eq. �8�
solely. Figure 3 shows the analysis results kIIL /A of the sine-
phase �
1� and the cosine-phase �	1� by variation � /L for
this case. Equation �8� are satisfied at aosc /L=0.047 and
L /�osc=7.53 ��osc /L=0.133�. As can be seen in Fig. 3, these
parameters also fulfill the AP criterion �5�. In this unrealistic,
theoretical case the global bifurcation criterion and the local
AP criterion provide the same result.

For a realistic finite diffusion length D / �vL� as in experi-
ments by Ronsin and Perrin �4�, the results of the global
criterion �8� differ from that of the AP criterion �5�. This
is shown in Figs. 4�a� and 4�b� for D / �vL�=0.0926 �v
=0.5 mm s−1�. While the results of our global bifurcation
criterion aosc /L=0.271 and �osc /L=0.385 �Fig. 4�a�� are in
good agreement with the experimental one �� /L�exp=0.37,
the local AP criterion yields aAP /L=0.268 and �AP /L
=0.465 �Fig. 4�b��.

As one can see in Fig. 4�b�, kII does not vanish for the
cosine-phase at the solution of the AP criterion. Inserting

	1=kII��= �
2 � L

A �0 and 
1=kII��=0� L
A =0 into Eq. �7� gives

kII���=	1
L
Asin �. This means that, with 	1�0 at the solution

of the AP criterion, the crack will always turn inward, which
results in a damped oscillation approaching a straight line.
Such behavior ends as soon as the critical value L /�osc
=2.6 is reached, where kII=0 for all � because of 	1=
1
=0. This is an argument for Eq. �8� being a global bifurcation
criterion for oscillatory crack path instability.

Figures 5 and 6 show two further cases v=0.45 mm s−1

�D / �vL�=0.0966� and v=0.3 mm s−1 �D / �vL�=0.123�, re-
spectively. The AP criterion �5� leads to higher wavelength
with realistic temperatures. For v�0.3 mms−1 even no re-

FIG. 3. Analysis result obtained with an idealized abrupt tem-
perature transition D / �vL�→0: kII vanishes for both cosine-phase
and sine-phase at aosc /L=0.047 and �osc /L=0.133, where the con-
dition �kII /��=0 is also satisfied. In this unrealistic, theoretical case
the AP criterion �5� gives the same result as the global criterion �8�.

FIG. 4. Analysis result obtained with the temperature distribu-
tion measured by Ronsin and Perrin �4� for v=0.5 mm s−1 and L
=Losc=10.8 mm: �a� global criterion: kII vanishes for both cosine-
phase and sine-phase at aosc /L=0.271 and �osc /L=0.385. �b� The
AP criterion �5� gives incorrect result aAP /L=0.268 and �AP /L
=0.465, where kII�0 for cosine-phase.

TABLE I. Experimental cases chosen from Figs. 2, 15, and 16 in Ref. �4�, to be considered in the following.

v �mm s−1� 0.05 0.063 0.113 0.15 0.2 0.25 0.3 0.375 0.45 0.5

L �mm� 13.9 14.1 14.1 14.1 14.2 14.2 13.5 12.5 11.5 10.8

Temperature

distributiona m i i i i i m i i m

am: measured; i: derived from measured data by interpolation.
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sult is available with this criterion, the wavelength �AP seems
to shift to infinity �Fig. 6�.

In Fig. 7 the critical wavelengths of the crack at the onset
of the oscillating as a function of the normalized diffusion
length are represented as results of the global bifurcation
criterion �8� and the local AP criterion �5� in comparison
with the experimental ones by Ronsin and Perrin �4�. While

the results of the global criterion �� ,�� agree excellently
with the experiments ��� for all cases, the AP criterion
�� ,�� always yields greater wavelengths, at least an order
of magnitude greater for D / �vL��0.123.

Ronsin and Perrin �Fig. 16 in Ref. �4�� interpreted the
experimental results by two straight lines. The two lines as
limits are also confirmed by our numerical analyses: in the
high velocity regime �D /v�h�, the wavelength � varies lin-

FIG. 5. Analysis result obtained with the interpolated tempera-
tures from the measured ones by Ronsin and Perrin �4� for v
=0.45 mm s−1 and L=Losc=11.5 mm: The global criterion �8�
yields aosc /L=0.2725 and �osc /L=0.42 agreeing very well with ex-
periments. The AP criterion �5� gives aAP /L=0.2596 and �AP /L
=0.625 which exceeds the experimental value �see Fig. 7�.

FIG. 6. Analysis result obtained with the temperatures measured
by Ronsin and Perrin �4� for v=0.3 mm s−1 and L=Losc

=13.5 mm: The global criterion �8� yields aosc /L=0.3585 and
�osc /L=0.4587 agreeing very well with experiments �see Fig. 7�.
The AP criterion �5� gives no result.

FIG. 7. Comparison of the analysis results obtained with the measured �� ,�� and interpolated �� ,�� temperatures with experimental
results of Ronsin and Perrin �Figs. 15 and 16 in Ref. �4��. The temperature profiles and the widths L=Losc are taken from Ref. �4� �see also
Table I�. The experimental results ��� are connected with a dash-dotted line as an aid for the eyes. The results of the global criterion �� ,��
agree very well with experiments. In contrast, the Adda-Bedia and Pomeau criterion �5� ��, �, connected with a dashed line� yields no
agreement with the experimental results for realistic diffusion length D /v. The results of Bouchbinder et al. �12� ��¯�� are based on the
theoretical temperatures �15� and constant fracture energy �=3.75 J m−2.
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early with the diffusion length D /v, while in the low velocity
regime �D /v�h� the wavelength � is constant and con-
trolled by h �D /v=h is indicated on the abscissa in Fig. 7�.
The intersection point of the two straight lines as the transi-
tion from high velocity regime to low velocity regime �Fig.
16 in Ref. �4�� is only idealized. In our opinion, the more
realistic transition region between these two limits is non-
monotonic as the dash-dotted line in Fig. 7 shows a maxi-
mum between D / �vL�=0.1 and D / �vL�=0.14. The experi-
mental results as well as the results of our global criterion
show this nonmonotonic behavior in this region. This is
caused, possibly, by the complicated actual temperature dis-
tributions in Fig. 2.

Bouchbinder et al. �12,38� replace the principle of local
symmetry �2� by a so-called dynamic law proposed by Hodg-
don and Sethna �37�:

��

�t
= − fKII, �16�

where f is a positive material parameter. Since � /�t=v� /�s
�s: crack path length�, Eq. �16� means that the curvature is
proportional to KII, contrary to Eq. �3�.

Now we apply Eq. �16� globally to the entire oscillation
crack path. After Ref. �38�, the parameter f can be expressed
by v / �l�v�KI�, where l�v� is some length related to the pro-
cess zone, which makes

��

�s
= −

1

l�v�
KII

KI
. �17�

With � /�s
� /�x and �� /�s
�2y /�x2 for �y /�x�1 we ob-
tain with Eqs. �6� and �7�

A�2�

�
	2

sin � =
1

l�v�
A

L

	1 sin � + 
1 cos �

kI„a/L,D/�vL�…
. �18�

Equation �18� can be fulfilled along the entire oscillation
crack path for all � if

	1 = �2�

�
	2

l�v�LkI� a

L
,

D

vL
	, 
1 = 0. �19�

Considering the tendencies of 	1(a /L ,D / �vL�) and

1(a /L ,D / �vL�) in Figs. 5 and 6, the solution of Eq. �19�
gives larger critical wavelengths than the principle of local
symmetry does. However, since the scale of the process zone
is small compared to the other lengths, Eq. �19� corresponds
to our global bifurcation criterion �8� in a very good approxi-
mation. It can be concluded that Eq. �16� gives practically
the same remarkably good agreement between theory and
experiments in Fig. 7. However, it must be pointed out that it
has to be applied globally to the entire oscillation crack path
but not only locally to the sine-phase as in Ref. �12� which
gives the AP criterion with poor or no agreement with the
experiment for small velocities �squares in Fig. 7�.

As another result of the global criterion, we get the mode
I SIF KI=KI�v� at the onset of the oscillatory instability with
aosc /L from Eq. �8�. As mentioned above we did not use Eq.
�9� but took the critical, experimentally observed width L
=Losc from Ref. �4�. In Fig. 8 the calculated mode I SIF KI�v�
of soda-lime glass is plotted vs velocity v showing a de-
crease of KI�v� with increasing v which seems to be unex-
pected at first glance and will be discussed in the following.

In order to understand this dependence we do not identify
KI�v� with KIc in Eqs. �4� and �9� because for slow velocities
as in the experiments the cracks do not grow critically but
subcritically with KI�v��KIc as in Ref. �34�. The depen-
dence of the velocity on KI is usually expressed by a power
law �see, e.g., Ref. �34��:

FIG. 8. Mode I SIF KI�v� at the onset of the oscillatory instability as a result of the global criterion calculated with the measured ��� and
interpolated ��� temperatures. The velocity affects KI also indirectly through the humidity and the temperature at the crack tip which both
depend on the distance between the crack tip and the water bath aosc.
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v = BKI
n. �20�

The power n had been measured to be approximately 16 for
soda-lime glass �34�. B is another material parameter. With
constant B, KI would increase with the nth root of v. How-
ever, B depends on temperature and humidity at the crack tip,
which depend on the distance a and hence on v, and there-
fore the relation between KI and v may be quite different in
the present experimental situation. The effect of water on
fracture of soda-lime glass was discussed by Ronsin and Per-
rin �4� on a molecular level. Water tends to loosen the Si-
O-Si bonds, which results in higher B and hence lower KI
with given v according to Eq. �20�. This tendency was con-
firmed experimentally by Kocer and Collins �Fig. 7 in Ref.
�34��.

In the experiments by Ronsin and Perrin �4�, with given
dipping velocity v, temperature field, and slab width L, Eq.
�20� is fulfilled for straight and small amplitude oscillating
crack propagation by an appropriate distance a between the
crack tip and the cool front �see Fig. 1�. The distance a
controls the crack tip temperature and humidity in the factor
B in Eq. �20�. From the global bifurcation criterion �8� with
the measured value L=Losc, the distance aosc in Fig. 8 has
been calculated. It decreases with increasing v, which makes
higher humidity and lower temperature at the crack tip. Evi-
dently, the influence of humidity outweighs that of tempera-
ture. This makes lower KI with higher v in the present case.
Our calculated KI�v� values are not unreasonable with re-
spect to Fig. 7 in Ref. �34� if one considers that KI�v� was
determined by Kocer and Collins for ambient temperature.
The variation of KI=KI�v� in Fig. 8 also points out that the
calculation with a constant value for the fracture energy in-
dependent of experimental conditions as done in Ref. �12� is
problematic.

VI. CONCLUSIONS

We have derived a global bifurcation criterion for the
transition from straight to quasistatic oscillating crack propa-
gation in an isotropic material from pure mode I stress fields
at the crack tip �KII=0� on the entire smooth, oscillating
crack path. As shown before for other problems of direc-
tional crack path instability �24,39�, the entire crack path has
to be analyzed for such bifurcation problems. For a small-
amplitude sine-shaped crack path at the transition, it is
shown to be sufficient to postulate KII=0 for two phases of
the crack path only, instead of for any crack tip position.

As discussed by Ronsin and Perrin �4� the critical sample
width Losc and the critical wavelength �osc of the crack path

at the oscillating instability depend sensitively on the tem-
perature field and on the fracture toughness which varies,
e.g., with propagation velocity, temperature, and humidity. It
has been shown that the theoretical temperature functions
�14� and �15� as usually employed in the literature are insuf-
ficient approximations for the present purpose. Therefore, the
real temperature distributions have to be used. By employing
the measured temperature field at �T=135 K and the ex-
perimentally observed width L=Losc which implicitly carries
information on fracture toughness, the critical wavelengths
�osc derived by our global bifurcation criterion agree remark-
ably well with those obtained experimentally.

Local bifurcation criteria cannot predict the oscillatory in-
stability correctly. In contrast to some explanations in the
literature the Cotterell and Rice solution �21� is universal,
i.e., also for finite geometry. However, it is valid only for a
small amount of crack growth after a disturbance compared
to a characteristic length �24,40�. In this validity range of the
Cotterell and Rice solution it is not possible to decide
whether the oscillation increases or decreases. This is the
correct explanation why the T criterion does not work for the
oscillating instability, not because of the finite geometry as
commonly given in the literature �2,23�.

The local bifurcation criterion used in Refs. �10�, �12�
which considers only one crack tip position, i.e., one phase
�=0 of the sine function, yields approximate results only for
very high velocities but no oscillatory instability at all for
low velocities �see Fig. 7�.

It has been shown in this paper and in Ref. �33� that
quasistatic crack propagation with smooth crack trajectory in
isotropic materials can be described by the principle of local
symmetry KII=0. The condition of KII=0 being fulfilled
along the entire crack path provides critical wavelengths
which agree remarkably well with experiments. The “new
dynamical” approach with KII�0 and KII�KI as used in
Ref. �12� yields about the same result for the present case but
only if applied to the entire oscillating crack path. Its supe-
riority to the conventional approach as claimed in Refs.
�12,38� would have to be demonstrated with suitable experi-
ments.
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